We consider a gravitating spherically symmetric configuration consisting of a scalar field nonminimally coupled to ordinary matter in the form of a perfect fluid. For this system we find static, regular, asymptotically flat solutions for both relativistic and non-relativistic cases. It is shown that the presence of the non-minimal interaction leads to substantial changes both in the radial matter distribution of the star and in the star's total mass. A simple stability test indicates that, for the choice of parameters used in the paper, the solutions are unstable.
I. INTRODUCTION
In cosmology scalar fields play a key role in models of both the inflation era of the early Universe [1] and the current accelerated expansion [2] . Scalar fields are also widely used to study smaller scale objects such as the effect of a dark matter, scalar field on the structure of galaxies [3] . Moving to still smaller scales there have been studies of boson stars [4] -compact (usually spherically symmetric) configurations formed from gravitating scalar field(s). The sizes of such configurations varies from the microscopic ("gravitational atom") up to sizes corresponding to massive black holes such as those presumed to exist at the center of many galaxies including our own. In this connection, it is quite natural to investigate the role that such scalar fields may have in the processes of formation and evolution of galaxies and more compact astrophysical structure -stars and their clusters. As applied to the stars, it is possible to imagine a situation where scalar fields can exist inside usual stars consisting of ordinary matter. The existence of such scalar fields would undoubtedly have an impact on the star's inner structure. One such example is the model of a star consisting of both ordinary polytropic matter and a ghost scalar field [5] . The presence of the field leads to the appearance of a tunnel at the center of such stellar configurations which provides new geometric and physical properties to such objects. Another example of such stellar objects involves fermion fields interacting with a real scalar field Φ not only gravitationally but also through the Yukawa coupling of the type −fψψΦ, where f is a Yukawa type coupling constant [6] . Further examples of mixed configurations consisting of both boson and fermion fields can be found in references [7] [8] [9] .
The investigation in the present work is along the direction of the above works -we consider a scalar field interacting non-minimally with ordinary matter in the form of a perfect polytropic fluid. An interaction similar to this was used to describe the evolution of dark energy within the framework of chameleon cosmologies [10, 11] . In chameleon cosmologies the properties of the scalar (chameleon) field depend strongly on the environment [12] into which it is embedded. For example, the mass of the scalar field can change depending on the background environment [12] . As will be shown below, the presence of such an interaction between the polytropic fluid and the scalar field results in a substantial change of the inner structure of the polytropic star. This change is related to the fact that the behavior of the scalar field depends the "environment" (i.e. the fluid) into which it is embedded as is the case with chameleon cosmology models. Thus we call these configurations chameleon stars.
In building our model of a chameleon star we will use a real scalar field. In the bulk of the literature complex (charged) scalar fields are more often used in constructing models of boson stars. The charge of the complex scalar field generically leads to repulsion which counteracts the attraction of gravity and thus gives a physical basis for the existence of these boson star solutions. Real scalar fields have received less attention because they do not carry a charge, and constructing regular stable solutions is more difficult task in this case. The known static solutions for real scalar fields are either singular [13, 14] , or use phantom scalar fields [15] [16] [17] . Singular solutions with trivial topology and non-phantom fields have been found for both massless fields [13] and for self-interacting fields [14] .
The latter ordinary scalar field solutions are asymptotically flat but the issue of their stability is not quite clear (for further discussion see reference [18] ). In [19] regular, static solutions in the presence of the cosmological constant were found. In this case the space-time asymptotically approaches de Sitter space-time. The linear stability analysis of these solutions indicate that they are unstable. In contrast the paper [20] found regular, static solutions which asymptotically approached anti-de-Sitter space-time, which were stable under a linear stability analysis. In the present paper the real scalar field non-minimally interacts with the polytropic fluid. As will be shown below, this leads to the existence of regular, asymptotically flat solutions.
In the absence of gravity, Derrick's theorem [21, 22] forbids the existence of non-trivial, stable, regular static D ≥ 3 dimensional solutions from only scalar fields. This theorem assumes that the potential energy of the system is some non-negative function, V (ϕ i ) > 0, vanishing only at its absolute minima. A partial extension of Derrick's theorem to the case of general relativity has been studied in [23, 24] where it was shown that the existence of asymptotically flat particle-like solutions with a regular center and normal (non-phantom) scalar fields is also impossible if V (ϕ) > 0. The distinction between the non-gravitational form of Derrick's theorem [21, 22] and the gravitational variant [23, 24] is that the latter does not touch on the stability of the solutions.
If one allows other fields besides just scalar fields (e.g. vector or fermion fields) then there are static solutions when the spatial dimensionality is three or more. In the absence of gravity, one has the 't Hooft-Polyakov monopole which is a finite energy, stable solution for Yang-Mills vector fields plus scalar fields [25, 26] . In the presence of gravity plus a real scalar field there are boson star solutions (for a review see [4] ) which however have one or more of the bad features listed above (e.g. non-trivial topology, not asymptotically flat, not stable)
In this paper we study the gravitating system of a real scalar field plus a perfect fluid and show that for this system there are regular, three-dimensional, static solutions. The most important feature of this system, aside from the gravitational interaction, is the presence of the non-minimal coupling between the scalar field and the perfect fluid. It is this interaction which allows us to avoid the restrictions of the gravitational version of Derrick's theorem [23, 24] , and find regular static solutions even if the potential energy of the scalar field satisfies V (ϕ) > 0. We take a polytropic equation of state for the perfect fluid. Stellar models using polytropic fluids were investigated in detail both within the framework of Newtonian gravitational theory [27] and for strong gravitational fields [28] . Both of these studies hinted at the existence of finite size, regular solutions. These solutions were successfully used to give a description of both non-relativistic stars and stars where relativistic effects were important e.g. neutron stars. As will be shown below, the inclusion of the non-minimal interaction between the polytropic fluid and the scalar field leads to regular solutions which, however, are generally different from usual polytropic stars.
The paper is organized as follows: In section II the general equations describing a static configuration consisting of a real scalar field coupled to a perfect polytropic fluid are derived. In section III these equations are written for a particular case when the potential energy of the scalar field is chosen to have a quadratic mass term and a quartic self-interaction term. For this potential energy, in section IV we give the results of the numerical calculations for this potential for both relativistic and non-relativistic cases, and discuss the issue of the stability of the solutions obtained. Next, in section V we present a simple analytical solution for the non-relativistic case with the scalar field taken to be massless and for a special choice of the coupling function. Finally, in section VI we summarize the main results and give some speculations about the physical applications of these chameleon star configurations to neutron stars and living stars (i.e. stars still on the main sequence).
II. DERIVATION OF EQUATIONS FOR A STATIC CONFIGURATION
As discussed in the introduction we consider a gravitating system of a real scalar field coupled to a perfect fluid. The Lagrangian for this system is
Here ϕ is the real scalar field with the potential V (ϕ); L m is the Lagrangian of the perfect isotropic fluid i.e. a fluid with only one radial pressure; f (ϕ) is some function describing the non-minimal interaction between the fluid and the scalar field. The case f = 1 corresponds to the absence of the non-minimal coupling, but even in this case the two sources are still coupled via gravity. We choose the Lagrangian for the isentropic perfect fluid to have the form L m = p [29, 30] . Using this Lagrangian, the corresponding energy-momentum tensor is (details are given in Appendix A)
where ρ and p are the density and the pressure of the fluid, u i is the four-velocity (here and throughout the paper we set c = 1). We take the static metric of the form
where dΩ 2 is the metric on the unit 2-sphere. The ( 0 0 ) and ( 1 1 ) components of the Einstein equations for the metric (3) and the energy-momentum tensor (2) are
The equation for the scalar field ϕ coming from the Lagrangian (1) is
Using this field equation above with the perfect fluid L m = p, and the metric (3), gives the following scalar field equation
where the prime denotes differentiation with respect to r. The Einstein field equations are not all independent because of the relation T 
Taking into account the expressions
and T 0 0 , T 1 1 from (4), (5) and using (6), allows us to write (7) as dp dr
The matter Lagrangian used here, L m = p, is not the only possibility. Other variants can be found in [31] . However, the choice L m = p has the simplifying feature (8) does not contain additional terms involving the coupling function f (ϕ). For a polytropic equation of state one has
where k, γ are constants. Now one can introduce the new variable θ defined as [32] 
Here ρ c is the central density, and the constant n, the polytropic index, is related to γ via n = 1/(γ − 1). Putting these definitions together gives equation (9) in the form
Using (11) in equation (8) leads to
with σ = kρ 1/n c = p c /ρ c and p c is the pressure of the fluid at the center of the configuration. This equation may be integrated to give e ν in terms of θ:
where e νc is the value of e ν at the center of the configuration where θ = 1. The integration constant ν c , corresponds to the value of ν at the center of the configuration. It is determined by requiring e ν = 1 at infinity that i.e. that the space-time is asymptotically flat.
The gravitating system of a real scalar field interacting with a perfect fluid is characterized by three unknown functions -λ, θ and ϕ. These three functions are determined by the three equations (4), (5) and (6), and also by the relation (13) . We now rewrite these equations by the introduction of a new function u(r) [28] 
Here M is the mass of the configuration within the range 0 ≤ r ≤ r b , where r b is the boundary of the fluid where θ = 0. Using this function, equation (4) becomes
From (14) one can define M (r) ≡ M u(r) which can be interpreted as the total mass of the configuration in the range [0, r] . This mass has contributions from both the fluid and the scalar field, within a sphere of coordinate radius r. To avoid a singularity in M (r) at the origin, one has to put u(0) = 0 [28] . This corresponds to the fact that the mass at the origin is equal to zero i.e. M (0) = 0. In anticipation of analyzing the system of equations - (4), (5) and (6)) -numerically, we introduce the following dimensionless variables
A has the dimensions of an inverse length. With this one can rewrite equations (4) and (5) in the form
whereṼ = V /ρ c is the dimensionless potential energy of the field. Next, using (12) , one can rewrite equation (6) as follows:
Thus the static configuration under consideration is described by the three equations (17)- (19) .
III. CONFIGURATION WITH A MASS AND A QUARTIC SELF-INTERACTION TERM
In this section we will show that there are non-singular, finite-mass solutions of equations (17)- (19) . First we specify the boundary conditions. Using the above dimensionless variables we "normalize" θ to unity at the center of the configuration ξ = 0
From equation (17) one can show that v → 0 like ξ 3 as ξ → 0. Combining this with equation (18) one in turn finds dθ/dξ → 0 as ξ → 0. Bearing in mind that we are looking for regular solutions, we define the boundary conditions in the vicinity of ξ ≈ 0 as
where φ 0 corresponds to the initial value of the scalar field φ, the parameters θ 2 , v 3 are arbitrary, and the value of the coefficient φ 2 is defined from equation (19) as
The index 0 denotes that the values of the functions are taken at ξ = 0.
Using the boundary conditions (21), we proceed to solve the system (17)- (19) numerically. The behavior of the solution will depend both on the parameters of the polytropic fluid n, σ and the form of the potential energy of the scalar fieldṼ , and the coupling function f . One of the simplest and most commonly used choices for the potential energy is that of a scalar field with mass m and a quartic self-interaction term (κ > 0)
It was pointed out in [14] that the system with such potential has only singular static solutions. Below we show that an inclusion of the non-minimal interaction between the scalar field and the polytropic fluid allows one to obtain regular static solutions. As an example, let us choose the coupling function f in dimensionless form as follows
Then, using the dimensionless variables introduced in the previous section, the potential can be rewritten as
where the new dimensionless constants are given as
Using the above potentialṼ and the function f , equations (17)-(19) take the form
The parameter µ can be absorbed by introducing the rescalings x = µξ,v = µv,β = β/µ 2 ,Λ = Λ/µ 2 . Bearing this in mind, we assume µ = 1 in further calculations. One can see from these equations that the presence of the interaction between the scalar field and the fluid is defined by the parameter β. In the absence of the fluid, this system only has singular solutions [14] . The inclusion of the fluid changes the situation since the presence of the term βσθ n+1 on the right hand side of (26) for the scalar field corresponds to an effective mass term µ 2 − βσθ n+1 whose sign depends both on the behavior of the fluid density θ and the values of the parameters β and σ. We note that the present system of gravitating real scalar field plus perfect fluid turns out to be similar to the gravitating complex scalar scalar field system considered in [33] . The gravitating complex scalar field studied in [33] had a potential of the type (23) and it gave regular, stationary solutions. Thus this is already a hint that we can expect regular, stationary solutions for the present system.
IV. NUMERICAL RESULTS

A. Relativistic case
The results of the numerical calculations for the system (24)- (26) with the boundary conditions (21) are presented in tables I and II. The solutions were started near the origin (i.e. near ξ ≈ 0) and solved out to a point ξ = ξ 1 where the function θ becomes zero. From equations (9) and (10) this is where the fluid vanishes and it is this point, ξ = ξ 1 , that we define to be the surface of the star. Beyond the point ξ = ξ 1 we continued the numerical solutions with only the gravitational and scalar fields while the fluid was set to zero. The interior and exterior solutions were then connected to one another. Details of this are given below. Previous numerical studies with a fluid having a polytropic equation of state [28] found regular, relativistic star-like configurations. These star-like solutions of [28] where found for the values of the parameters 0 ≤ σ ≤ 0.75 and 1 ≤ n ≤ 3. Since our system has two additional parameters (Λ, β) we restrict ourselves to examine just two sets of the parameters (i.e. σ = 0.2, n = 1.0 and σ = 0.2, n = 1.5) at different values of Λ and β when looking for regular solutions. Below we show that these two sets of solutions differ considerably in the behavior of their physical characteristics.
The parameters of the system under consideration for the chosen values of σ and n are given in tables I and II. The procedure for finding these parameters is the following: given the values of σ and n, we seek eigenvalues (i.e. values of the parameters Λ and β) for which the function θ goes to zero at some finite value of ξ = ξ 1 which as mentioned above we take to correspond to the surface of the star. Then since M (r) = M u(r) (where M is the total mass of the star between r = 0 and its surface at r = r b ) it is required that u(r b ) = 1. Using this we can evaluate the function v(ξ) from (16) 
This quantity defines the total mass M of the configuration through the parameters of the fluid σ, n and ρ c which determine the parameter A.
The value ξ 1 of the coordinate ξ, corresponding to the boundary of the configuration, does not represent the radius of the star as measured by a distant observer. To define this radius it is necessary to make a coordinate transformation to a new dimensionless variableξ which is defined as follows
or taking into account (14) and (16)
Then the observable radius of the configurationR in dimensional variables is defined asR =ξ 1 /A in accordance with the data presented in tables I and II. Also the ratio of the central density ρ c (of the fluid only) to the average densityρ (of both the fluid and the scalar field) is presented in the tables. We define the average density as [28] 
Using the expression for v(ξ) from (27) , one can express the quantity M A 3 /4π in terms of the central density ρ c and the boundary value v(ξ 1 ) of the mass function. Then we obtain the relation
Finally, in the last column of both tables the gravitational potential energy expressed in units of M is shown (see [28] for more details): where the expression for the energy density is defined from (2). Using equations (14), (16), (22) and (23) one can write the energy density in the following form (in units of ρ c )
The absolute value of the potential energy Ω represents the work that would have to be done on the system to diffuse its mass to infinity. Next, using the data from the tables, in figure 1 we plot v(ξ 1 ), which is proportional to the total mass of the configuration M , on the value of the self-coupling parameter Λ at some constant central φ 0 = 0.45. In figure 2 we plot v(ξ 1 ) as a function of the value of central φ 0 for different n values and σ = 0.2. From figure 1 one can see that, while Λ increases, the masses of the configurations decrease both for n = 1.0 and n = 1.5. Initially, for small Λ, the masses are very different for n = 1.0 and n = 1.5; asymptotically, for large Λ, they approach comparable values. This is because for large Λ the total mass is defined by the scalar field but not by the contribution from the fluid. The sizes of the configurations are different for the two cases n = 1.0 (which has a size characterized byξ = 2.657) and n = 1.5 (which has a size characterized byξ = 3.219).
On the other hand if one fixes the size of the star to equal the size of a corresponding relativistic configuration without a scalar field, and changes the central value of φ 0 so as to get regular solutions, it is necessary to choose appropriate eigenvalues of Λ and β. In this case v(ξ 1 ) as a function of φ 0 is given in figure 2 . From this figure one sees that as φ 0 increases the mass of the configuration can either increase (for the n = 1.5 case) or decreases (for the n = 1.0 case).
It follows from tables I, II and figures 1, 2 that the masses of the configurations, computed for the values of the system parameters used here, are considerably smaller than the masses of the stars without a scalar field. The maximal dimensionless masses of the configuration with the scalar field for n = 1.0 and at n = 1.5 are 0.32 and 0.21, respectively; without a scalar field the masses of the same configurations are 1.14 and 0.96, respectively. Our attempts to increase the masses of the system by varying φ 0 were not successful. From figure 2 the implication is that the masses change only slightly with φ 0 .
Next, in figure 3 the metric functions e λ , e ν , and the mass distribution M (ξ/ξ 1 ) (as a function of the dimensionless radiusξ) are given. In plotting these functions we used the following procedure:
Inside the Star: The function e ν was plotted using (13); the function e λ was plotted from equation (14) , in terms of the dimensionless variables from (16) . Explicitly
From the interior solution parts of figure 3 (i.e. the region 0 < ξ < ξ 1 ) we see the reason for the terminology "chameleon star" for the present solutions -the scalar field mimics the behavior of the fluid in the interior region. Even in the exterior region where the fluid goes to zero the scalar field is asymptotically going to zero. The density ρ and the pressure p of the fluid, the scalar field φ, the metric functions e ν , e λ and the current mass M as functions of the relative invariant radiusξ/ξ1 for n = 1.5 and n = 1.0 respectively. To provide the asymptotic flatness of the solutions, i.e. e ν , e λ → 1 asξ → ∞, the value of the constant νc needed to be chosen as νc ≈ −0.958 for n = 1.5 and νc ≈ −0.822 for n = 1.0.
Outside the star: The solution goes to the Schwarzschild solution The mass function is defined as
Finally, in figures 4 and 5 we plot the energy density, T 0 0 , from the expression (29) . The definition of the mass function given just above takes into account the energy of the fluid and the scalar field from ξ = 0 to ξ = ξ 1 . Although the fluid vanishes at ξ = ξ 1 the scalar field does not vanish. Thus in principle one should include the contribution to the mass function of the scalar field from ξ = ξ 1 to ξ → ∞. However from the figures 3-5 one can see that φ and φ′ rapidly go to zero as ξ → ∞ and thus the mass function is given essentially just by the fluid and scalar field energy density between ξ = 0 and ξ = ξ 1 .
We now turn the the question of connecting the interior region (i.e. 0 < ξ < ξ 1 where one has both fluid plus scalar field as a source) with the exterior region (i.e. ξ ≥ ξ 1 where one has only a rapidly vanishing scalar field). For this purpose, we write down the Einstein equations of (4) and (5), and the scalar field equation of (6), without the fluid source i.e. θ = 0 so that from (9) and (10) we have zero pressure and density. This leads to the following system of equations:
which, by analogy with the transformations made above, can be rewritten in terms of the dimensionless variables v(ξ), φ(ξ) and ν(ξ) as follows
where e λ is given by (30) , andṼ is taken from (23) . Note that this system of equations (32)- (34) (or (35)- (37)) is essentially the same as those obtained in [14] which considered a real scalar field with quartic self-interaction. The above system contains the parameter σ as a trace of the influence of the fluid on the external solution. The solution sought beginning from the surface of the star at ξ = ξ 1 using, as the boundary conditions, the values of v(ξ 1 ), ϕ(ξ 1 ) and ν(ξ 1 ) obtained from the solution of the equations (24)- (26) for the internal part of the configuration. This allows one to determine the value of the integration constant ν c from (13) by requiring e ν to be equal to unity at infinity, providing asymptotical flatness of the space-time. (The values of ν c for the examples shown in figures 3 are given in the caption.) Thus the complete solution for the configuration under consideration is derived by matching of the internal fluid solutions given by equations (24)- (26) with the external solutions obtained from the system (35)-(37).
The system (35)-(37) has obvious asymptotically flat solutions in the form: v → const ≈ v(ξ 1 ) with v(ξ 1 ) taken from (31) that corresponds to the fact that, by choosing the eigenvalues of the parameters Λ and β presented in tables I and II, the external scalar field makes negligible contribution to the total mass of the configuration. It allows using the solution for the metric functions in the form of (31) as a good approximation; ν → const, where the constant is made equal to zero by the corresponding choice of ν c (see above); φ → const e −µξ /ξ. The numerical calculations of the system (35)-(37) confirm this asymptotic behavior.
From figures 3, 4 and 5 we can draw the following conclusions about the metric functions, e λ , e ν and the mass distribution M (ξ/ξ 1 ):
(1) Asymptotically, as ξ → ∞, the space-time becomes flat, i.e. e ν , e λ → 1. To get this asymptotic behavior of the metric function e ν , it is necessary to choose a specific value for the central value, ν c (see the caption of figures 3). The asymptotic behavior of e λ → 1 follows from equation (30) and the fact that v(ξ)| ξ→0 → 0 as ξ 3 . (2) As shown in [28] , the relativistic configurations without a scalar field are characterized by a greater concentration of matter toward the center than in the non-relativistic case. By including a scalar field, we obtain even greater concentration of matter toward the center. This can be seen by comparing figures 3 with figures 1 and 2 from the paper [28] . The main reason for the increased concentration of mass is the non-minimal coupling between the scalar field and the fluid with the choice of the coupling function given by (22) . The functional form of this coupling gives the required regular solutions, lying in the range 0 < ξ < ξ 1 , only for the eigenvalues of the parameter β ≫ 1 (see tables I, II). This leads to the fact that near the origin, when ξ ≈ 0, a greater concentration of mass occurs due to the presence of the term βφ 2 θ n in the expression for the energy density (29) . At the same time both φ and φ ′ give relatively small contributions to the energy density compared to the term coming from the non-minimal scalar-fluid coupling. This fact will become important, below, when we consider the stability of the solutions.
(3) The total energy density presented in figures 4 and 5 strongly depends on the polytropic index n. At comparable central values of the scalar field φ 0 the energy density for the case n = 1.5 is several times greater than for the case n = 1.0. In turn, both values of n yield a greater energy density at the center of the configurations than in the case of the relativistic stars without a scalar field [28] when the energy density was found to be 1.
(4) Despite the higher concentration of matter at the center of the configurations with the addition of the scalar field, their masses are considerably smaller than the masses of the relativistic stars of the same size but without a scalar field (see table II ). This occurs as a consequences of the fact that the external region of the stars, with only the scalar field as a source, is strongly rarefied due to the rapid vanishing of the scalar field in the region ξ ≥ ξ 1 .
B. Non-relativistic case
In this section we consider the non-relativistic limit of the system (24)-(26). The non-relativistic limit corresponds to σ → 0, and p ≪ ρ. First, we recall some results about this system in the absence of the scalar field [32] . With no scalar field the system of equations (24)- (26) reduces to the well known Lane-Emden equation
This equation has solutions which describe finite size configurations for different values of the parameter n [32] . The non-relativistic limit for the case when there a scalar field is obtained by omitting all terms with σ in equations (24)- (26) except for the term βσθ n+1 in the scalar field equation (26) . This term must be kept since the product βσ is generally a non-zero quantity even for σ → 0. Taking all the above into account we rewrite the system (24)- (26) in the following form:
Here, as in the relativistic case the presence of the term βσθ n+1 is important -it leads to a change in sign of the effective mass term µ 2 − βσθ n+1 for certain values of β. This feature is important for the existence of regular solutions.
Proceeding as in the previous section, we obtain numerical results for the non-relativistic limit which we present in table III. We chose the parameter σ to be σ = 0.001. Such a small value of σ requires that β be large enough so that the first term on the right hand side of equation (41) is negative, which is the necessary condition to have regular solutions. In the non-relativistic case, as in the relativistic case, we need to find eigenvalues of two parameters β and Λ in order to have regular solutions for a given values of the polytropic index, n, and the central value of the scalar field, φ 0 . From table III we do indeed find that there are values of β large enough to make the first term on the right hand side of (41) negative thus yielding regular solutions. Using the data from table III, the dependence of the v(ξ 1 ) on the central value of the scalar field φ 0 is given in figure 6 . star R = ξ 1 to be equal to the size of a non-relativistic star without a scalar field. From the figure we can draw the following observations:
(1) The masses of the stars with a scalar field are considerably smaller than the masses of the stars without a scalar field. In the case n = 1.0 the masses are 4-5 times smaller, and in the case n = 1.5 about 6 times smaller.
(2) The mass is a fairly slowly varying function of φ 0 , especially when n = 1.5. (3) There is a greater concentration of the mass density towards the center of the stellar configurations. This can be seen explicitly by comparing with the distribution of the mass density for a star without a scalar field which is also presented in figure 7 .
All these results are very similar to those of the relativistic case.
C. Stability of the solutions
In this section we discuss the issue of the stability of the regular solutions obtained above. There are two basic approaches to studying the stability: (i) The energy approach to the theory of equilibrium for a star [32] ; (ii) A more rigorous dynamical stability approach based on studying the stability of linear and nonlinear time-dependent perturbations. In this paper we will use the first approach. Proceeding along the lines of reference [28] , we define the total energy E of the system, including the internal and gravitational energies, as
where T 0 0 is defined by (2) and corresponds to the total energy density of the system (recall that c = 1). Next, we consider a system consisting of a gas of particles having a rest-mass density ρ g . Its relativistic energy density is the sum of the rest energy ρ g plus the density of internal energy. For the special case of an adiabatic process which assumes the absence of heat flow terms in the energy-momentum tensor (2), it is possible to obtain a relation between the gas density ρ g and the total mass density ρ t ≡ T 0 0 or alternatively between ρ g and θ, ϕ.
To do this we use the first law of thermodynamics which, in our case, takes the form
where p t ≡ −T 1 1 is the total pressure, and V is the specific volume (this symbol V should not be confused with the potential energy used earlier). Since dV /V = −dρ g /ρ g , equation (43) gives the following relation
In general, when ρ t and p t are functions of θ, ϕ, this equation cannot be integrated. However, for our configuration, the numerical calculations performed in the previous sections show that the main part of the energy is provided by the term containing the non-minimal coupling but not by ϕ ′ and V (ϕ). This allows us to neglect the terms containing the scalar field kinetic energy and potential as compared with f ρ and f p in the T 0 0 and T 1 1 components of the energymomentum tensor (2), respectively. In this approximation we have the following expressions for the total mass density and the pressure:
Substituting these expressions into (44) and taking into account that ρ = ρ c θ n and p = σρ c θ n+1 , we have from (44):
.
Using expression (47), the corresponding proper energy E 0g of the gas may be defined as the integral of ρ g with respect to proper volume dV = 4πr 2 e λ/2 dr for the metric (3) as follows
The quantity M 0g is proportional to the total number of particles N in the configuration, M 0g ≡ N/A, where A is Avogadro's number. Using the dimensionless variables (16) and expressions (30), (47), we obtain the proper energy of the gas (48) in units of the total energy E = M in the following form
This expression differs from the corresponding expression in [28] through the presence of an extra factor exp{...} under the integral which comes from the non-minimal coupling in the system. Stability of the configuration can tested via the sign of the expression [28, 32] Binding Energy
The necessary (but not a sufficient) condition for stability of the system that E 0g > E i.e. that the total system energy E is less that the energy of the non-gravitationally interacting gas, E 0g , making E the energetically preferred state. The condition in (50) amounts to requiring that the Binding Energy defined in this equation be positive. In the paper [34] , the question of stability of adiabatic polytropic configurations was considered. It was shown that such configurations may have both positive and negative binding energies depending on the value of the polytropic index n, and the parameter σ (configurations with 1 ≤ n ≤ 3 and 0.01 ≤ σ ≤ 100 were considered). When a non-minimally coupled scalar field is included, we considered a very narrow range of these parameters, σ = 0.2 and n = 1.0, 1.5, and also only one choice of the coupling function f given by the form (22) . In this case the numerical calculations indicate that E 0g /E ≪ 1, i.e. we have the negative binding energy, and correspondingly the configurations under consideration are unstable. The same values of σ and n without a scalar field give configurations with the positive binding energy [34] . Obviously, the difference between the present results and those of [34] is connected with the presence of the extra factor exp{...} under the integral in the expression (49) whose value, as numerical calculations indicate, is much less than unity for the parameters σ, n used in the paper, and for the coupling function f of the form (22) .
The behavior of exp{...} in (49) can be approximately estimated as follows: Since we are looking only for solutions with 0 ≤ θ ≤ 1, the value of (1 + σθ) may be approximated as giving a finite contribution to the value of integral
−1 df in the form of some constant factor α > 0, i.e.
When the coupling function f is taken in the form (22), we have the finite value of f (0), and since φ(ξ 1 ) → 0 then f (ξ 1 ) → 0 as well, thereby suppressing the value of E 0g /E in (49). In the non-relativistic case, where σ → 0, we have α → 1 and the situation with the instability is the same. Possible ways of resolving this problem are: (i) Consider configurations for which φ(ξ 1 ) = 0, and the function f (ξ) varies slowly in the range 0 < ξ < ξ 1 to provide a large value of the above exp{...}. In this case, one can expect that the configuration will have a "tail" of a scalar field outside the fluid at ξ > ξ 1 (a similar thing happens for configurations considered in [5] ). In this case, it will be necessary to perform a stability analysis of both internal solutions (where the fluid and the scalar field are involved) and external solutions (where only the scalar field is involved).
(ii) Since the solutions and their stability are sensitive to the nature of the scalar field-fluid coupling, which in this paper was take to have the form given in (22) , one could look for stable solutions by examining different forms of this coupling; for example one could try a non-polynomial coupling of the form f = e φ . These stability studies will be the focus of future work.
V. NON-RELATIVISTIC CASE: AN ANALYTICAL SOLUTION FOR A MASSLESS SCALAR FIELD
The numerical results obtained in the previous sections demonstrate the possibility of obtaining the regular solutions both in relativistic and non-relativistic cases when the coupling function f is chosen in the form of (22) . This choice is not the only one possible. It will be shown latter in this section that, by choosing the special form of the function f , it is possible to find an analytical solution in a particular non-relativistic case when the polytropic index n = 0, and the scalar field is taken to be massless. This case corresponds to an incompressible fluid with a constant mass density, ρ = ρ c = const, and a spatial varying pressure, p = const.
To begin we rewrite the system of equations (24)- (26) for the massless case and in the non-relativistic limit (σ → 0) in the form
We have kept the σ-containing-term on the right-hand side of equation (53) since it is does not necessarily small for arbitrary f . Differentiating the first equation of the system, and substituting the second and the third equations into this expression, gives
The last term of this equation contains the factor df /dξ ≡ φ ′ df /dφ. For f = 1, equation (54) reduces to the LaneEmden equation (38) which has an analytical solution for the case of an incompressible fluid with a constant mass density ρ = ρ c = const, p = const, n = 0 -see [32] , equation (10.3.14) . This solution is
Equation (54) can also be integrated analytically by choosing the function f to have the following power-law form
where f 0 , β and m are arbitrary parameters. Using this function and taking the parameter m to be of order 1 so that the product σθ ≪ |1/m|, we have from (54):
When n = 0, this equation can be integrated giving the following regular solution
Here θ 0 is an integration constant. A second integration constant was set equal to zero to make the solution regular at ξ = 0. We take θ 0 = 1 so that in the absence of the scalar field (i.e. when f 0 = 1 and β = 0) equation (57) We now analyze the behavior of the solution as ξ → 0. To begin we calculate the first and second derivatives of θ:
For a spherically symmetric solution with maximal mass density as ξ → 0, two conditions must be satisfied: (1) the first derivative must be equal to zero; (2) the second derivative must be negative. The former condition gives m > −1. Given this the behavior of the second derivative is:
One can see that for (−1 < m < 0) the second condition is satisfied only if β < 0. On the other hand, the regularity of the solution assumes the presence of a point on the axis, ξ, where θ = 0. For the classical solution (55), this point is ξ 1 | θ=0 = √ 6. In the case of configurations with a scalar field, the location of the point ξ 1 | θ=0 will depend on the factors in front of the ξ m+2 term in (57), i.e. it will be determined by the values of β and the denominator m(m + 2)(m + 3). In the range (−1 < m < 0) only negative β are allowed if one wants θ ′′ < 0 as ξ → 0, which is one of conditions that the solution (57) be regular. In the range m > 0 the regularity of the solution is guaranteed if β > 0, since otherwise the solution grow as a power law of ξ.
The above analysis shows that the inclusion of a scalar field decreases the size of configurations, as compared to the classical case (55), for all acceptable values of the parameter m. In this sense the behavior of the solutions with a massless scalar field and the coupling function in the form of (56) differs from the behavior of the solutions obtained in section IV B when the function f was chosen to have the form (22) . In the latter case, the size of the configurations for given values of n and σ depends considerably on the parameters Λ, β, and φ 0 , and it can be larger or smaller than the size of a configuration without a scalar field.
Substituting the expression for θ from (57) into the scalar field equation (53) with n = 0, we find the following analytical solution for the scalar field φ in the interior of the configuration
One can see from this expression that the behavior of the scalar field is defined in large measure by the factor βσ in front of the square brackets. Since in the non-relativistic limit σ → 0, this factor will differ appreciably from zero only for large β. For β not large one can expect that the field will be practically constant and equal to the central value φ 0 up to the boundary of the fluid at ξ = ξ 1 where θ = 0. The general solution for φ for all ξ is obtained by matching of the internal solution (58) with an external solution of equation (53) where the right-hand side is equal to zero. The exterior equation has a solution of the form
where C 1 , C 2 are integration constants which are determined by matching of the external solution φ ext with the interior solution φ in solution at the boundary of the fluid at ξ = ξ 1 . One can see from this expression that the corresponding mass density, which is proportional to φ ′2 ext , tends asymptotically to zero.
VI. CONCLUSION
In this article we studied gravitating, spherically symmetric, star-like, configurations with a matter source consisting of a normal (i.e. non-ghost, non-phantom) scalar field plus a perfect isotropic fluid. The motivation for studying such a model is that scalar fields have found broad use in various cosmological models as well as astrophysical models. It is natural to postulate that, if scalar fields do really play a role in the Universe that these scalar fields might play a role in the structure of compact objects such as Main Sequence stars or neutron stars. Proceeding from this assumption, we studied a model of a star-like configuration supported by a scalar field non-minimally coupled to ordinary matter in the form of a perfect fluid. As an example, we considered the case when the scalar field had a quadratic mass term and a quartic self-interaction giving a scalar field potential of the form (23) . The coupling between the scalar field and the perfect fluid, f , was taken to have the form (22) . For this model we studied solutions both in the relativistic and non-relativistic limit. Our investigation showed that the existence of regular solutions is possible exactly because of the presence of the non-minimal coupling between the scalar field and fluid. In the absence of such coupling, the potential (23) gives only singular solutions [14] . From the mathematical point of view, the existence of regular solutions in our model is possible because of the appearance in scalar field equation (26) of an effective mass term m ef f = µ 2 − βσθ n+1 whose sign depends both on the behavior of the fluid density θ and the values of the parameters β and σ. It was shown that when m ef f < 0, there were regular solutions with finite masses and sizes. In some sense the solutions presented above are a cross between the interacting scalar field solutions of [33] and the interacting real scalar field solutions of [14] . In the interior region, 0 < ξ < ξ 1 , we have a real scalar field and a fluid which interacts with the scalar field. Due to the chameleon-like behavior of the scalar field with respect to the fluid (from figure 3 one can see that in the interior region the field mimics the fluid) one might think of the two degrees of freedom associated with the scalar field and the fluid as being equivalent to the two degrees of freedom of a complex scalar field. While there is certainly some validity in this analogy (both the present solutions and those in [33] are non-singular) one must avoid pushing the analogy too far since the fluid vanishes exactly at some point (i.e. θ = 0 at ξ = ξ 1 ) while the complex scalar field of [33] and the real scalar of the present solution only go to zero asymptotically. Thus after reaching the point ξ = ξ 1 our solutions become those of [14] .
Our results are interesting since they show that by adding such a fluid one can find regular solutions, thus evading some gravitational version of Derrick's theorem [23, 24] which prohibits regular solutions for the system of gravity plus a normal scalar field if the potential V (ϕ) > 0. Thus the addition of the fluid was crucial to the existence of these solutions. The original, non-gravitational version of Derrick's theorem [21, 22] assumes not merely the regularity of solutions, but also their stability. In this paper we have performed a preliminary stability analysis based on energy considerations. In this case we compared the total energy of the system (including the internal and gravitational energies) and the rest energy of the gas particles. For the values of the polytropic index n and the parameter σ, and the specific coupling function f in the form of (22) , this energy approach showed that the solutions studied in this paper are unstable. This was because the binding energy of the system, which was equal to the difference of the rest energy and the total energy, was negative. But, as it was shown in [34] , even a positive binding energy does not guarantee stability of a system allowing its transition to an energetically more advantageous state with the same polytropic index n, but having another parameter σ. Obviously, such process is accompanied by an ejection of the excess of energy. In our case, the possibility is not excluded that there exist regular solutions with positive binding energy, for other values of n and σ and other parameters of the scalar field β, Λ, φ 0 . There is an additional possibility for finding stable solutions which was described at the end of section IV C -since the solutions and their stability are sensitive to the form of the scalar field-fluid coupling (which in the present work had the form (22)) one could look for stable solutions by changing the form of the scalar field-fluid coupling. For example, one could try non-polynomial couplings of the form f (φ) = e φ . Finally, the energy approach to stability which was used in this paper, can and should be supplemented by a study of dynamical stability along the lines of the linear stability analysis performed in [14, 18, 20] or by using the catastrophe theory method suggested in [35] . In future work we plan to perform a stability analysis of the chameleon star solutions investigated here using both these approaches.
The spherically symmetric solution that we found for the system considered in this paper were called chameleon stars in analogy with chameleon cosmological models [10] because the characteristics of the scalar field (e.g. its mass) strongly depend the other fields and fluids in its environment. We characterized the behavior of these chameleon star configurations for both relativistic and non-relativistic cases. For the relativistic chameleon stars we found that in general the mass-energy density tended to be more concentrated toward the center of the star at ξ = 0. Despite this greater concentration of mass near the center of the chameleon star the total mass of the chameleon star was lower than the corresponding relativistic stars without a scalar field. This was the result of the outer regions of the chameleon star being much less dense than a corresponding non-chameleon, relativistic star. Similar comments apply to the non-relativistic chameleon stars. For the non-relativistic case we were able to find an analytical solution for the case when the scalar field was massless. This analytical solution had similar behavior to the numerically obtained solutions from section IV B.
We briefly give some speculations about possible physical applications of the present solutions. Scalar fields are thought to play a role in cosmological dynamics (dark energy) and in dynamics at the galactic scale (dark matter). The present proposal is that a scalar field could play some role in astrophysics at the stellar scale in the formation of the chameleon star configurations discussed here. The fluid in our model would be provided by the star. For example one could consider neutron stars which contain a significant amount of the scalar field. From the discussion above our chameleon stars -both relativistic and non-relativistic -would be less massive for a given radius despite having a higher concentration of mass near the center. Thus one might look for neutron stars which have a larger radius for a given mass than would be expected for a normal neutron star. In this sense chameleon stars would have the opposite behavior from hypothetical quark stars which have a larger mass for a given radius. Another possibility is that some living stars (i.e. stars which are still fusing elements and are on the Main Sequence) might have trapped some significant amount of scalar field in their interior. Such living, chameleon stars would tend to have a larger density near their center thus increasing the rate at which they fused elements. The consequence of this is that such stars would be hotter and live a shorter than expected life span for their mass. Again a given chameleon star would have less overall mass than a non-chameleon star but would be nevertheless have a higher, interior temperature. The physical applications of the chameleon star model suggested above would of course require the existence of stable solutions. A search for such stable solutions is a goal of future studies. .6) 
